We consider chiral Schwinger model with Faddeevian anomaly, and carry out the quantization of both the gauge-invariant and non-invariant version of this model has been. Theoretical spectra of this model have been determined both in the Lagrangian and Hamiltonian formulation and a necessary correlation between these two are made. BRST quantization using BFV formalism has been executed which shows spontaneous appearance of Wess-Zumino term during the process of quantization. The gauge invariant version of this model in the extended phase space is found to map onto the physical phase space with the appropriate gauge fixing condition. 79 
Introduction
Chiral Schwinger model is an exactly solvable lower dimensional field theoretical model [1] [2] [3] [4] [5] . Initially, it was derived from Schwinger model [6, 7] replacing the vector interaction of it by by chiral interaction. This chiral generation was initially attempted in the article [8] , however it failed to receive much attention because of the non-unitarity associated with it stood as an obstacle in the way to be physically sensible. The long suffering of this model was cured by Jackiw and Rajaraman in their seminal work [1] prescribing a very effective as well as compelling term by hand allowing electromagnetic current to take anomalous nature. It was later shown in [9] that it was the fascinating one loop correction term that entered during regularization. The model then became a fertile field of investigation in the regime of lower dimensional anomalous gauge theory [2, 3, 5, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and extension of this model started in different direction [1] [2] [3] 5, [9] [10] [11] [12] like the extension of its ancestor the celebrated Schwinger model [7, 13, 14] . Plenty of investigations on this model were carried out in connection with the confinement-de-confinement aspect of fermion, renormalization, [1] [2] [3] 5, [9] [10] [11] [12] regeneraa e-mails: anisur.rahman@saha.ac.in; manisurn@gmail.com tion of the lost symmetry due to the compelling electromagnetic anomaly [24] [25] [26] , BRST invariant reformulation etc. [29] [30] [31] .
Mitra in his seminal work [5] however showed that this model remained physically sensible in all respect with a very special type of anomaly which was termed by Mitra as Faddeevian anomaly [32] [33] [34] [35] . It does not belong to Jackiw-Rajaraman's one parameter class of anomaly. The most surprising aspect of this model with the Faddeevian anomaly is the maintenance of physical Lorentz invariance despite the Lorentz non-covariant structure of this anomaly. Photon here too acquires mass via kind of dynamical symmetry breaking, but unlike the Jackiw-Rajaraman version of chiral Schwinger model the fermion which remains unconfined has a definite chirality. Another attraction of this model is the admissibility of description of this model in terns of chiral boson [36] [37] [38] which is the basic ingredient of the heterotic string theory. In fact, it leads to the gauged model of Flurenini-Jackiw type of chiral bosom [26, 39] .
This model with these two independent physically sensible one loop correction (Counter term) and their ancestor, viz, the celebrated Schwinger model are so fascinating with so many interesting surprise [2, 3, 5, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [26] [27] [28] that till now it remains as a field of several investigations in the exactly solvable regime of lower dimensional field theoretical models. This article is an extension of chiral Schwinger model with Faddeevian type of anomaly due to Mitra towards its quantization in both the gauge invariant as well as gauge non-invariant manner along with the BRST invariant reformulation with an attempt to derive the appropriate Wess-Zumino term. How the the exact solution of the gauge invariant version maps onto the solution with the usual gauge noninvariant version has also been explored.
The paper is organized as follows. Sect. 2, contains a brief review of the chiral Schwinger model with Faddeevian anomaly due to Mitra. In Sect. 3, the physical spectrum is determined in the Lagrangian formulation. Section 4 is devoted with constrained quantization of this model in a and transparent as well as desired manner such that it enables to make a correlation with the spectrum obtained in Sect. 3. In Sect. 5 we give a brief introduction of Batalin, Fradkin, Viilcovisky (BFV) formulation. In Sect. 6 we carry out the BRST quantization of this model with BVF formulation with an effort to generate the appropriate Wess-Zumino term. Section 7. deals with quantization of the gauge invariant version of the model. How the gauge invariant model with Wess-Zumino term maps onto the usual gauge invariant version of the model is shown in Sect. 8. Final Sect. 9. holds a brief summary and discussion over the work.
A brief review of the chiral Schwinger model with Mitra type Faddevian anomaly
Replacing the vector interaction between matter and gauge field of the Schwinger model by chiral interaction the chiral Schwinger model was described by the action
In (1+1) dimension left and right handed fermionic part can be decoupled and the integration over the right handed fermion of the action (1) contributes a field independent constant term which can be absorbed within the normalization. Therefore the effective action gets simplified to
The generating functional of the above theory defined by the action (2) can be expressed as
where S C B is the the bosonized version of the action (2):
with
From the article [5] we have learned that the study of chiral fermion in presence of the obstacle posed by the gravitational anomaly is tractable with the bosonized version and the process of bosonization is crucially tied up with the regularization. When one wants to integrate out the left handed fermion it drives us to incorporate the intriguing one loop correction term in order to get rid of the divergence cropped up during the computation of the fermionic determinant. Different correction terms may get involved depending on the choice of regularization. The matter that has to be taken care of during regularization with a serious measure indeed be the maintenance of physical Lorentz invariance. In this context, we must remember that apparent Lorentz non-covariance not always pose any obstruction in the way of sustaining physical Lorentz invariance [5, 10, 11] . Here we choose the Faddeevian type of anomaly [32, 33] which was developed, and studied as well, in the articles [5, 10, 11] . With this Faddeevian anomaly the bosonized action reads
The action in Eq. (6) was initially formulated in [5] where the author termed it as chiral Schwinger model with Faddeevian anomaly. Note that there is no Lorentz co-variance at the action level however in due course we will find that this will not in any way hinders the process of preservation of the physical Lorentz invariance of the theory. The Levicivita symbol in (1 + 1) dimension is chosen as 01 = − 01 = −1 and the Minkowski metric g μν = diag (1, −1) as usual. The indices μ and ν takes the value 0 and 1 in two dimensional space time. The advantage of using the bosonized version is that the anomaly gets subsumed within within the theory during the process of bosonization. So the tree level bosonized theory acquires the effect of one loop correction. In the following section we will proceed to study the theoretical spectrum of this model in Lagrangian formulation.
Solution in the Lagrangian formulation
To find out the theoretical spectrum we compute the equations of motion of the fields describing the Lagrangian (6) . The Euler-Lagrange equations for the field φ,A 1 and A 0 that results from the Lagrangian (6) are
To simplify the above equations we introduce the following ansatz for the field A μ and φ:
A straightforward calculation leads us to the following two decoupled equations of motion.
[ + 4e 2 ] F = 0, (12)
Here ∂ + = ∂ 0 + ∂ 1 . So it indicates that the theoretical spectrum contains a massive boson with mass 2e and a massless chiral boson. Note that π 1 = − μν ∂ νμ = F. To correlate these fields to the scalar and gauge fields describing the Lagrangian (1) we need to consider the solution of this model in the Hamiltonian formulation.
Solution in the Hamiltonian formulation
We now turn towards the Hamiltonian analysis of the theory in order to obtain the theoretical spectrum in a transparent manner which will enable us to to correlate the fields F, H to the fields used in the description of the Lagrangian. We should mention that the Hamiltonian analysis was already done in [5] . We will, in fact, describe it in more detail and transparent manner which will help us to make the necessary correlation. It will indeed make this article self contained. We will proceed to find out the theoretical spectra of this model in the Hamiltonian formulation which necessities to pursue with the constraint analysis of this theory. From the standard definition the canonical momenta corresponding to the matter field φ, the gauge field components A 0 and A 1 are found out.
Here π φ represents the momentum corresponding to the scalar field φ, and π 1 and π 0 stand for the momenta corresponding to gauge fields A 0 and A 1 . The canonical Hamiltonian of the theory is computed using Eqs. (14) , (15) and (16) which reads
The right hand side of the expression of momentum π 0 ≈ 0 does not contain any time derivative, so it is the primary constraint of the theory. The preservation of this constraint leads to the secondary constraint:
which is generally termed as the Gauss law of the theory. The Lagrange multipliers u and v are having the dimension of velocity.
Now we can determine the velocity v which comes out to be
Plugging in the velocity v in (19) the consistency criteria of the constraints lads to the final constraint
The velocity u gets fixed from the preservation of the final constraint (21):
Therefore the theory under consideration contains three constraints in its phase space and these constraints precisely are
According to the Dirac terminology these constraints are all weak conditions at this stage. It is also found that the Poisson bracket between G(x) and G(y) is
In the chiral Schwinger model [1] this Poisson bracket (26) corresponding to the Gauss law constraint was found to gave vanishing contribution. Faddeev initially noticed that anomaly might make Poisson bracket between G(x) and G(y) nonzero [32, 33] , and the constraint acquires second class nature and consequently gauge invariance gets lost. He, however, showed that a systematic quantization of the theory would be possible in that situation too, but the system might posses extra degrees of freedom. This is a system endowed with three constraints in the phase space. So ordinary Poisson bracket becomes inadequate and for the determination of the phase space structure of this system one does need the Dirac bracket [40] , which is defined by
where C −1 i j (x, y) is computed using the following equation
(2020) 80:79
The system under consideration described by the Lagrangian (5), has the following C i j (x, y):
The nonsingular nature of the matrix C i j indicates that by all means it has an inverse which is given by
The reduced Hamiltonian density is obtained after the imposition of the constraints (23), (24) and (25) in Eq. (17) treating these constraints as strong conditions.
From the definition (27), the Dirac brackets of the fields constituting the reduced Hamiltonian (31) are calculated as follows.
[π 1 (x), π 1 (y)] * = 0,
Here the superscript ( * ) stands for indicating Dirac Bracket. The Hamiltonian (31) along with the Dirac brackets leads to the following three first order differential equations of motioṅ
After a little algebra the above three equations render two second order and one first order differential equation which represent the theoretical spectra of the model.
Here ∂ + = ∂ 0 + ∂ 1 . Note that all the these equations of motion are Lorentz invariant. So Physical Lorentz invariance is preserved in spite of the presence of the Lorentz non-covariant term in the bosonized action. The two second order Eqs. (40) and (41) correspond to the free massive boson and its momentum, respectively and Eq. (42) is representing a self dual (chiral) boson. The theoretical spectrum therefore contains a massive boson with mass 2e and an massless chiral boson [38, 39] . The extra degrees of freedom as predicted by Faddeev [32, 33] is emerging here in the form of this very chiral boson. In (1 + 1) dimension, it can be thought of in terms of a chiral fermion too. So the fermion which remains unconfined has a definite chirality. It is in contrast with the de-confinement scenario of chiral Schwinger model with Jackiw-Rajaraman type of regularization where a composite fermion having both the chiralities was unconfined. Now let us focus on the process of making a correlation which we have mentioned in Sect. 2.
We have seen in Sect. 2 that π 1 = − μν = F. So we can immediately land on the conclusion that the field π 1 corresponds to F which the massive free field as we have seen in both the Lagrangian and Hamiltonian formulation. Equations (10) and (42) show that H = φ + 1 2e π 1 . So the spectrum obtained in the Lagrangian formulation and in the Hamiltonian formulation are in exact agreement with each other.
Brief introduction of the BFV formalism
BRST symmetry is the symmetry of a gauge fixed action in the enlarged Hilbert space. BRST quantization is subject of huge interest [29, 30, [41] [42] [43] [44] [45] [46] [48] [49] [50] . Field dependent BRST has added a new flavor in the arena of BRST quantization [51, 52] . There are different formalism to get BRST invariant effective Lagrangian, however the combined formalism due to Batalin, Fradkin and Vilkovisky [41] [42] [43] for obtaining it is interesting and very effective in the context of having BRST invariant reformulation of a given model. It is based on the idea that a system with a set of second class constraints can be effectively converted to a first class set in the extended phase space which finally offers its service to construct BRST invariant effective action with the proper choice of gauge conditions. From the improved contribution of Fugiwara, Igarashi and Kubo (FIK) [44] in this regard we find that the field needed for this transmutation ultimately turns into the Wess-Zumino scalar. What follows next is a brief description of the general BFV formalism for obtaining a BRST invariant action.
If the Hamiltonian of a physical system is described by the canonical pairs ( p k , q k ), k = 1, 2, . . . , N , where the canonical variables are endowed with a set of constraints α ≈ 0, α = 1, 2. . . . , N , and if it is assumed that the constraints satisfy the following algebra
then N numbers of additional condition α ≈ 0, with det[ α , β ] = 0 are beneficial to imposed into the phase space of the system in order to identify the physical degrees of freedom. At this state, the constraints α ≈ 0 and α ≈ 0, together with Hamiltonian equations of motion will be resulted out from the effective action
where α and α are Lagrange multiplier fields those which satisfy the canonical relation [ α , β ] = iδ α β . Furthermore the launching of a pair of canonical ghost field (C α ,P α ) and a pair of canonical anti-ghost field (P α ,C α ) for each pair of constraints enables us to build up an equivalence between the initial theory with constraints in the reduced phase space. So the quantum theory can be described by the partition function [41] [42] [43] 45, 46] which is holding the action
within its exponent. In Eq. (46), H M is the minimal Hamiltonian [41, 42] as termed by Batalin and Fradkin, is defined by
Consequently, the fermionic gauge fixing function is given by
and the BRST charge Q is by the expression
The gauge fixing conditions χ α 's are ultimately defined through expression
Study BRST symmetry with the evolution of appropriate Wess-Zumino term
Let us focus on the BRST invariant reformulation of the Lagrangian (5) . In order to do that we need to know the constraint structure of the theory. The details of which is available in [5] , but it is discussed in detail in Sect. 3 in a transparent manner for the shake of constancy and also for making this article self contained. Here we are giving the relevant portion as required for the present purpose.
We have seen that π 0 ≈ 0 is the primary constraint of the theory and the canonical Hamiltonian of the theory is
The full set of constraints are evaluated in Sect. 3. At a glance, the set of constraints those which are embedded in phase space of the theory are
These three constraints form a second class set and the closures of the constrains with respect to the Hamiltonian (19) are found to bė
According to the BVF prescription to wards BRST invariant reformulation, we now take an attempt to construct a first class set from the available set of second class constraints. We, therefore, introduce two pairs of canonical auxiliary fields η, π η and θ , π θ and insert the appropriate combination of these fields in the the second class set of constraint in such a manner that it can convert this second class set of constraints into first class set. These pair of fields are generally known as Batalin-Fradkin (BF) fields. The following are the converted first class constraints with the help of BF fields.
The above three first class constraints will be found consistent with the first class Hamiltonian (to be found out) if these new first class set follow the identical closures as their second class partner did with the Hamiltonian (19) . Precisely, the conditions arė
First class Hamiltonian is acquired by the appropriate placement of the BF fields within the Hamiltonian (19) which is given byH = H C + H B F . Here H B F is constituted with the polynomial of θ , η, π θ and π η that extend the phase space respecting the closures (61), (62) and (63). The first class
Hamiltonian H B F ultimately results out to
Three pairs of canonical ghost (C i ,P i ), and three pairs of canonical anti-ghost (P i ,C i ) fields along with four pairs of canonical multiplier fields (N i , B i ) are now brought into the system. The canonical relations for the fields are
In the present environment, we can write down BRST invariant Hamiltonian from the definition
where H U is the unitarizing Hamiltonian, Q is the BRST charge and 's are the gauge fixing functions. To define BRST charge Q nilpotency must be protected. The nilpotency is given by the condition
The definition of Q in this formalism is
and the definition of gauge fixing function is
where indices as usual take the values i = 1, 2, 3. The BRST invariant Hamiltonian for this theory therefore can be expressed as
It would be helpful to write down the generating functional that ultimately leads to an effective action with the elimination of unwanted fields by Gaussian integration. The generating functional for the system now reads
Here the expression of S:
where [Dμ] is the Liouville measure in the extended phase space which is given by
We are now in a position to fix up the gauge conditions. We see that the following conditions will serve our purpose effectively.
Our next task is now to simplify the action (1) through the elimination of undesired fields by Gaussian integration to reach to our desired result. A careful look reveals that here exists a simplification
with be Legendre transformation B i → B i +Ṅ i . However, the simplification corresponding to i = 1 only suffices in this situation. More simplification follows from the elimination of the fields π 0 , π 1 , π η , π p hi,π p si B 1 , B 3 , A 0 , N 1 , N 3 , P 1 ,P 1 , P 2 ,P 2 , P 1 ,P 1 , C 1 ,C 1 , C 3 , andC 3 through Gaussian integration with the absorption of the constant contribution of the integrals within the normalization. Ultimately, we obtain a very simplified generating functional that contains the following effective action within its exponent.
To get the simplified expression (78) we have used few redefinition of fields: N 2 = A 0 and P 2 =Ċ 2 . Since after elimination there is no other B's and C's except B 2 and C 2 we are free to call these two as B and C, respectively. A little algebra shows that the action (78) is invariant under the BRST transformation
At this stage we can easily recognize that the terms appearing in the action (78) which are constituted with the field is the appropriate Wess-Zumino term [47] for this theory. It reads
It is exiting to see this automatic emergence of this Wess-Zumino term during the process BRST quantization. The role of gauge fixing is pivotal to get this appropriate Wess-Zumino action. If it is not properly chosen one may fail to get appropriate Wess-Zumino term.
Quantization of the gauge invariant action
We now turn to the quantization of the gauge invariant action of this theory. The gauge symmetric version of the theory is no more than the original bosonized gauge no-invariant Lagrangian added with the Wess-Zumino term.
To study the theoretical spectrum with this gauge symmetric version we need to fix the gauge redundancy of the theory [22, 23, 53, 54] . In this context, we chose the Lorentz gauge, and the gauge fixing term with this gauge is
Therefore the Lagrangian with which we will set out for obtaining the theoretical spectrum is
The Euler-Lagrange equations of motion that arise from the Lagrangian 83 are
These set of coupled equations get decoupled if the following ansatz are taken for the fields A μ , φ and .
With the above ansatz, we have the simplification as follows
(94) Therefore the system is described by four free fields F, H, B , and K. Our next task is to express these four fields in terms of the field with which the theory under investigation is defined. After a few steps of algebra we find that
Therefore the field F = π corresponds to a massive field with mass 2e, and the field H corresponds to a massless chiral boson. These two fields replicates the spectrum as obtained in Sect. 3. The equations involving B enters into picture because Lorentz gauge fixing term holds the auxiliary field B. Note that the field B and K give vanishing commutation with the physical field π and H. So these two fields do not have any influence on the physical sector of the theory. The field K stands for the zero mass dipole field playing the role of gauge degrees of freedom which can be readily eliminated by operator gauge transformation. So the theoretical spectra are in exact agreement with the theoretical spectra obtained in [5] in the Hamiltonian formulation.
Mapping of the gauge symmetric action onto the usual gauge non-invariant action
Equation (78) is the BRST invariant effective action corresponding to the chiral Schwinger model with Faddeevian anomaly. The U(1) gauge symmetric part of this action is
It is the usual action of this theory along with the Wess-Zumino action as developed in Sect. 4. during the BRST invariant reformulation of this model. It would be instructive to show that this gauge symmetric action is equivalent to the gauge non-invariant action. In other words, the physical contents of both the gauge invariant and gauge non-invariant action is identical, and the Wess-Zumino field has no impact to the physical sector of the theory. To make the equivalence appropriate gauge fixing is needed which we have learned from the edifying article [55]. So we have chosen gauge condition which will be well suited to project this gauge symmetric action onto the gauge non-invariant action. We will follow the path integral formulation in this regard with that befitting gauge.
To proceed with this purpose we need the momenta corresponding to the fields φ, A 0 , A 1 and those which are obtained from the action (99):
The Eqs. (100) and (103) are independent of velocities so these two equations represent the primary constraints of the gauge symmetric action. Explicitly, these two are
The Eqs. (100), (101), (102) and (103), along with a Legendre transformation lead to the canonical Hamiltonian H CG S :
The preservation of the constraint of C 1 provides with a new constraint
The articles [55, 56] , render necessary insight for choosing legitimate gauge to make the equivalence between the gauge symmetric and gauge nonsymmetric theories. The conditions those which have been found beneficial to make this equivalence in the present situation are
From the above inputs we can straight away write down the the generating functional.
where the Liouville measure [Dμ] = dπ φ dφdπ 1 d A 1 dπ 0 d A 0 dπ θ dθ , and m and n run from 1 to 5. After integrating out of the field and π , we find that the generating functional turns into
where [Dμ] = dπ φ dφdπ 1 d A 1 dπ 0 d A 0 and N is a normalization constant having no significant physical importance, andH C N S is given bỹ
We land onto the required result after integrating out of the momenta π φ , π 1 and π 0 :
So the theory of the gauge symmetric action in extended phase space and the gauge non-symmetric action in the usual phase space are equivalent. So it is evident that the physical sector remain unperturbed in presence of the Wess-Zumino field. It will be more transparent if we look carefully to the Dirac Brackets of the fields. We, therefore, proceed to compute the Dirac brackets of the fields using the definition (27) . The matrix C i j which is constituted with Poisson bracket among the constraints with each other is
Using the definition (27), it is kids' stuff to compute the Dirac brackets between the different fields and their momenta:
[A 1 (x), π 1 (y)] * = δ(x − y),
[A 1 (x), φ(y)] * = − 1 2e δ(x − y),
[φ(x), φ(y)] * = − 1 4 (x − y),
[φ(x), π φ (y)] * = δ(x − y),
[A 0 (x), φ(y)] * = 1 e δ(x − y).
The superscript ( * ) in this case symbolizes the Dirac bracket. The Dirac Brackets computed here are found to be identical with the Dirac Brackets computed in Sect. 3. The Dirac bracts of the Wess-Zumino field and its canonical momenta give vanishing contribution with the physical field. This indicates that the physical fields remains unperturbed in presence of the Wess-Zumino fields. In fact, the Wess-Zumino field allocates themselves in the un-physical sector of the theory.
Summary and discussion
In this article we have considered the chiral Schwinger model with Faddeevian anomaly coined by Mitra in his seminal article [5] . The theoretical spectrum of this gauge non-invariant model has been determined here using Lagrangian as well as Hamitonian formulation. The spectra come in exact agreement with the spectra determined by Mitra in [5] .
The BRST quantization has been carried out using BVF based improved formulation by FIK. It is exiting to mention that during the process of BRST quantization Wess-Zumino term has evolved out spontaneously. However it should be kept in mind that gauge fixing plays a crucial role in order to obtain the appropriate Wess-Zumino term.
Quantization of the gauge invariant version of this model also has been carried out in this article in the Lagrangian formulation with Lorentz gauge. How the fields get correlated with physical fields that describe the usual gauge non-invariant Lagrangian has been clearly explored. The unphysical fields has been found to have no influence to the physical sector since these fields have vanishing Poisson bracket with the physical fields. The auxiliary (un-physical) fields appearing in the gauge symmetric version allocate themselves in the un-physical sector of the theory.
An attempt has been made to show how the Gauge invariant version gets mapped onto the gauge non-invariant version with the proper choice of gauge fixing condition. Gauge fixing has a pivotal role for this transmutation too.
